Abstract. The aim of this study is to assess the contribution of cocontraction and spindle feedback to local stability during bipedal stance. To that aim, an existing nonlinear state space model of the human musculoskeletal system is linearized in a reference equilibrium state. The maximal real part of the eigenvalues of the linearized system matrix A and the low-frequency joint stiffness are used as a measure of local stability. Muscle properties, as represented in a Hill-type muscle model, are shown to improve the behavior, the improvement being larger at high cocontraction. However, even at maximal cocontraction the low-frequency joint stiffness generated by the muscle properties is insufficient to yield a locally stable system. It follows that feedback is necessary to ensure local stability. In this study, the potential contribution of spindle feedback is investigated by optimizing the feedback gains for contractile element length and velocity for each muscle. It is found that in the case of time-delayed negative feedback, it is impossible to stabilize the system on the basis of spindle feedback. When positive timedelayed feedback is allowed, a barely stable system is obtained. When the time delays are removed, the feedback gains can be chosen such that a locally stable system is obtained, indicating the limitations imposed by the presence of time delays. Finally, it is shown that for small perturbations the response of the linear system to an arbitrary perturbation is similar to that of the nonlinear system, indicating the validity of the approach used. It is concluded that the combination of muscle properties and time-delayed spindle feedback is insufficient to obtain a system with reasonable local stability.
Introduction
Stable bipedal stance is not only an important task in itself, it is also an important prerequisite for execution of tasks involving both upper extremities. As the gravitational force destabilizes the inverted-pendulum-like skeletal system during bipedal stance, ensuring stability is an important task of the postural control system. The performance of the human postural control system has been evaluated in several different ways. Experimentally, human bipedal stance has most often been investigated in terms of the center of pressure (COP) trajectories, either during unperturbed stance (e.g., Collins and De Luca 1993) or after platform perturbations (e.g., Nakata and Kyonosuke 2001) . In some studies, a measure of system stability is based on statistical quantities such as the root mean square of the COP trajectory (e.g., Nakata and Kyonosuke 2001) . In other studies, stabilogram diffusion analysis (e.g., Collins and De Luca 1993) is employed, with the advantage that no assumptions are needed regarding the stationarity of the COP signal. Whatever the method used, it is not easy to characterize the stability of the high-dimensional neuromusculoskeletal system in terms of descriptors of the low-dimensional COP trajectory.
Phenomenological models have been proposed that reproduce the behavior of the COP both during unperturbed human stance and after platform perturbations. An example is the pinned polymer model (Chow and Collins 1995) that was later extended by Dijkstra (2000) with an extra degree of freedom representing the dynamic drift of the COP set point. Although the pinned polymer model is based on spontaneous postural sway data, Lauk et al. found that postural system dynamics are the same for quiet standing and small perturbations (Lauk et al. 1998; Chow et al. 1999) . They concluded that this follows from the fact that at a certain time the postural system cannot distinguish between a random and applied perturbation, which suggests that the same neuromuscular control mechanisms are used under quiet-standing and dynamic conditions. Rosenblum et al. (1998) described the behavior of the COP with two coupled chaotic oscillators. Inverted-pendulum models have also been shown to be capable of reproducing experimental sway data (Eurich and Milton 1996; Peterka 2000) .
Finally, structural models based on current knowledge of the dynamics of the neuromusculoskeletal system have been proposed (e.g., He et al. 1991; Kuo 1995; van der Kooij 1999) . If simulation results from such models are in accordance with experimental data, such models can provide insight into the relative importance of the sources of sensory information. Most of the structural models proposed use high-level optimal control theory and assume a high-level controller that has full state information. Thus, these models do not take into account the hierarchical organization (e.g., Bernstein 1967) of the nervous system. In fact, it has been argued (van Soest and Bobbert 1993; Loeb et al. 1999) that the control problem for the higher parts of the central nervous system is overestimated when low-level contributions to system behavior, such as the viscoelastic properties that arise from the force-length-velocity relation of muscle, are not explicitly considered. It is currently unclear to what extent low-level dynamics can contribute to the stability of bipedal stance.
In this study, a nonlinear model of the musculoskeletal system incorporating these low-level processes is used to assess the contribution of low-level processes to local stability of the system. As the nonlinear model is smooth in the reference state, linearization at this reference state is possible, and analysis of local stability is straightforward.
Regarding the lowest level, i.e., the force-lengthvelocity relation of muscle, it has often been suggested (e.g., Hogan 1984; Gottlieb 2000) that cocontraction of antagonistic muscles improves joint impedance and, more specifically, increases the low-frequency joint stiffness, which in turn contributes to the overall stability of the system. In fact, Winter et al. (1998) suggested that this stiffness is sufficient to adequately compensate for the destabilizing gravitational stiffness so that open-loop control could result in a stable system. In the present study, the contribution of the force-length-velocity relation of muscle and, relatedly, cocontraction to the stability of human bipedal stance is the first issue addressed.
Moving up one level in the hierarchy of the system, we next consider the muscle spindle system, a monosynaptic spinal feedback system that is generally viewed as the first neural line of defense against perturbations. Modeling the spindle system as time-delayed negative feedback of contractile element length and velocity, the question is addressed of whether the feedback gains can be chosen such that a locally stable system is obtained. Earlier studies (e.g., He et al. 1991) in which time delays were not taken into account have been criticized because time delays are known to limit the potential contribution of feedback to system impedance. In order to assess how serious this criticism must be taken, we compare the results for the time-delayed system to those for a (hypothetical) nondelayed system.
The neurophysiology of the monosynaptic spindle feedback is such that it can only be negative. This is in line with basic control theory indicating that negative feedback can improve the impedance of an isolated system. However, it is plausible that through a small number of spinal interneurons spindle information can also be fed back positively onto the alpha motoneuron. Furthermore, in a high-dimensional system as considered in this study, it is not necessarily optimal to have negative feedback only. Therefore, we finally consider the question of whether local stability can be improved by allowing positive spindle feedback.
Methods

2a Outline of the study
As the independent variables considered in this study do not lend themselves to experimental manipulation, this study is based on modeling only. The model describes the dynamics of the musculoskeletal system during human stance. Input of this forward dynamics model is the neural input of the nine muscle groups modeled. Output of the model is the resulting kinematics and kinetics of the 2D three-segment skeletal model. The local stability of the system is investigated on the basis of a linearization of the system in an almost erect equilibrium posture.
2b Model of the musculoskeletal system
In this study we use an extended version of an existing nonlinear model originally developed to study human vertical jumping (e.g., van Soest and Bobbert 1993) and cycling (van Soest and Casius 2000) . One muscle was added to the model as described in van Soest and Casius (2000) , resulting in a model having a pair of antagonistic monoarticular muscles at each of the three joints modeled as well as three biarticular muscles (see Fig. 1 ).
The 2D skeletal model consists of four rigid segments. These segments represent the foot, lower leg, upper leg, and HAT (head, arms, and trunk). The connections between the segments are modeled as frictionless hinge joints between these segments. The foot segment is fixed to the earth. Thus the skeletal model has three mechanical degrees of freedom.
''Muscles'' are described by a Hill-type muscle model containing a contractile element, a series elastic element, and a parallel elastic element (see van Soest and Bobbert 1993 for an extensive description). The flow of calculations is schematically represented in Fig. 2 . Functions f 1 and f 2 together describe a nonlinear first-order system linking active state q as defined in Ebashi and Endo (1968) to stimulation, the one-dimensional input of the muscle, as proposed by Hatze (1981) . In this model of activation dynamics, active state also depends on contractile element length. Function f 3 represents the Hill force-velocity relationship formulated such that contractile element velocity is calculated from contractile element length, force, and active state. This force is calculated in f 5 from series elastic element length, which is modeled as a quadratic spring. Series elastic element length in turn is calculated in f 4 as the difference between muscle-tendon complex length and contractile element length. Polynomial relations are used in function f 4 to calculate muscle-tendon complex length from the joint angles; these polynomial relations are based on cadaver studies (Grieve et al. 1978; Huijing, personal communication) . Finally, f 6 transforms the muscle forces in their contributions to net joint torques, using moment arms that follow from the same polynomial relations. Together with the gravitational forces these net joint torques determine the acceleration of the skeleton (as well as the reaction forces) in f 7 . The Newtonian equations of motion in f 7 are automatically derived using MUSK (Casius 1995) . For the complete open-loop system as presented in Fig. 2 , the state vector has dimension 24 (three segment angles u, three segment angular velocities x, nine Ca 2þ concentrations c, and nine contractile element lengths L ce Þ.
All the parameter values of the model are identical to those used in a sprint cycling study (van Soest and Casius 2000) . The parameter values for the added muscle (short head of the biceps femoris) were based on Yamaguchi et al. (1990) . Values for the most important parameters are presented in Tables 1 and 2 .
2c Linearization at a reference equilibrium state
The open-loop controlled musculoskeletal model described above can be formally represented by a nonlinear time-invariant state space model:
where x is the system state vector, stim is the neural input vector, y is the vector of measurable outputs of the system, and f and g are vector functions. Linearization of this open-loop system at any reference point x 0 ; stim ref;0 implies calculation of four matrices of partial derivatives:
The matrices of partial derivatives in Eq. 2 are usually referred to as A ol , B ol , C ol ; D ol , A ol also being referred to as the ''system matrix.'' D in Eq. 2 indicates that the variables are taken relative to the reference point. Linearization can only be carried out if the partial derivatives in Eq. 2 are well defined. In the musculoskeletal model, there is one relation that violates this smoothness requirement: based on physiological evidence, the slope of the force-velocity curve at the isometric point is different for the concentric and eccentric sides. In order to ensure linearizeability of the model, the eccentric slope was set equal to the concentric one in this study. It was found that this adaptation has a negligible effect on the open-loop dynamics.
In this study, linearization of the model at the various equilibrium states considered was carried out numerically using the central difference method. Care was taken to use the smallest step size for which rounding error was negligible. Regarding the position of the skeletal model in the reference state, the knee and hip joints are chosen to be 0.2 rad from full extension; in this position, the contribution of passive structures can be neglected. The center of gravity is chosen to lie 18% of the foot length in front of the ankle axis. This results in an ankle angle that is in the midrange of the range of motion.
2d Analysis of the local stability of the open-loop system
Local stability of the open-loop controlled system can be directly judged from the properties of the system matrix A ol . More precisely, whenever all real parts of the eigenvalues of A ol are negative, the linear system is stable and the underlying nonlinear system is locally stable. Therefore, MRE(A ol Þ, which is the maximal real part of the eigenvalues of the system matrix A ol , is used as a measure of local stability in this study. For a stable system (MRE(A ol Þ < 0), the negative reciprocal of the value of MRE(A ol Þ indicates the slowest component (that is, the component with the highest time constant) of the system. Another variable related to local stability is the low-frequency joint stiffness, which is an aspect of joint impedance that is easily interpretable. Low-frequency joint stiffness indicates the steadystate net muscle torque change per steady-state joint angle change. If at any of the joints this stabilizing low-frequency joint stiffness does not outweigh the corresponding destabilizing gravitational stiffness, the system cannot be locally stable. In passing, it is noted that the opposite is not true: an adequate low-frequency joint stiffness does not guarantee local stability. The stiffness matrix can be obtained analytically from the linearized system as outlined in the Appendix.
In order to assess the contribution of muscle properties and cocontraction to stability, four systems are compared: (1) a torque-driven system system lacking these muscle properties; (2) a three-muscle system where equilibrium is produced by the monoarticular extensors soleus, vasti, and gluteals; (3) a six-muscle system, where equilibrium is produced through maximal cocontraction of a pair of monoarticular muscles at each joint (soleus and tibialis anterior; vasti and short head of biceps femoris; gluteals and iliopsoas); and (4) the full ninemuscle system, where the nine muscle stimulation levels that minimize MRE(A ol Þ while ensuring that equilibrium is maintained was determined iteratively. In addition to these four systems, the maximally attainable lowfrequency stiffness at the required net joint torque was determined for each of the joints separately on the basis of a grid search.
2e Modeling and optimization of muscle spindle feedback and modeling of neural time delays
The firing frequency of muscle spindle afferents is known to depend in a complex way on the length and stretch velocity of the sensory zone (Rothwell 1994) . In the present study, a black-box model of spindle feedback is used. It is assumed that the spindle system effectively provides perfect information to the spinal system about contractile element length L ce and velocity v ce . Sensor dynamics is not modeled because its bandwidth far exceeds the range of frequencies that are relevant to postural sway (Rothwell 1994 ). The analysis is restricted to the monosynaptic loop; that is, spindle information from a muscle feeds back only on the stimulation of that muscle itself; cross couplings between muscles are not considered. As the only issue addressed in this study is local stability, spindle feedback is modeled to be linear. It is assumed that at the spinal level there is full and independent control over the linear feedback gains for length and velocity, for each muscle separately.
Spindle activity does not instantaneously affect stimulation at the neuromuscular junction. The time lag is largely determined by the conduction speed of type Ia and type II afferents and of efferent nerves and is modeled as a pure time delay of 0.035 s (Rothwell 1994 ). This pure time delay is modeled using a fifth-order Padef lter for each muscle. The structure of the feedback controlled system is shown in Fig. 2 (switch closed) . Note in Fig. 2 that, contrary to the customary situation, the sign of the feedback is defined as positive. This is done to ensure that positive feedback gains effectively result in negative feedback.
In terms of the state space model, the muscle spindle feedback controlled system constitutes output feedback 
Here, K fb is a matrix of feedback gains of dimension 9 Â 18, of which 18 elements (9 autogenous length feedback gains and 9 autogenous velocity feedback gains) will be allowed to be nonzero. After substitution of Eq. 3 in Eq. 2, and using the fact that for our musculoskeletal model D ol is a null matrix, we find:
The matrix (A ol þ B ol Á K fb Á C ol Þ is the system matrix of the closed-loop system and will be referred to as A cl .
Given the linearized open-loop state space model, A cl is seen to depend on the gain matrix K fb only. Therefore, the question of whether monosynaptic spindle feedback can result in a locally stable system can be addressed by investigating the eigenvalues of A cl as a function of the gain matrix K fb . In particular, the aim is to find the gain matrix K fb that minimizes MRE(A cl Þ. As no analytic methods are available to find the optimal matrix K fb , a simulated annealing algorithm for optimization based on Goffe et al. (1994) is used to find the set of feedback gains that minimizes MRE(A cl Þ. In the optimizations, the feedback gains were allowed to take on values between 0 and 32. In the study of the contribution of spindle feedback, the position of the skeletal system was identical to that used in the study of cocontraction. Because in reality high levels of cocontraction are not found during human standing, the active state of the nine muscles in the equilibrium position was required to be below 0.25. Cocontraction was chosen such that MRE(A cl Þ was minimized while satisfying this constraint on active state.
Results
The stability of the open-loop system was investigated for four different situations: (1) torque-control model; (2) three-muscle model; (3) six-muscle model; and (4) nine-muscle model. The resulting MRE(A ol Þ and the low-frequency joint stiffnesses are reported in Table 3 . Furthermore, the maximally attainable low-frequency joint stiffness at the required net joint torque was found to equal 230, 318, and 791 NmÁrad À1 for ankle, knee, and hip, respectively. All in all, it was found that the intrinsic muscle properties contribute to the low-frequency joint stiffness and that cocontraction does so even more strongly; however, it was found impossible to compensate for the destabilizing gravitational stiffness (see Table 3 ) at the ankle and at the knee. The insufficiency of the low-frequency joint stiffness is reflected in the value of MRE(A ol Þ, which is positive in all four situations considered, signaling an unstable system. Detailed analysis revealed that the low-frequency joint stiffness originated only partly from the isometric torque-angle relationship of the muscles; it was found that the length dependence of active state that is present in the activation dynamics model described by Hatze (1981) made a substantial contribution to the lowfrequency joint stiffness. The instability of the system is confirmed by simulations of the nonlinear model, after an arbitrary perturbation (data not shown).
For the system controlled by time-delayed negative spindle feedback, Fig. 3 presents optimization results for five independent optimization runs each of which started from a random initial guess. Separate optimizations yield values for MRE(A cl Þ that are very similar (ranging between +0.78 s À1 and +0.79 s À1 Þ, while the feedback gains vary somewhat between optimizations. We conclude that local stability cannot be obtained through time-delayed negative spindle feedback. From Table 3 it is noted that the feedback contribution to the low-frequency joint stiffness is such that this stiffness adequately compensates for the destabilizing gravitational stiffness; in other words, the reason for the instability is not that the low-frequency joint stiffness is insufficient. Figure 3 shows that some of the length gains are zero, suggesting that allowing positive feedback might improve local stability. To follow up on this, five independent optimizations of the feedback gains were carried out where feedback was not required to be negative; this yielded values for MRE(A cl Þ ranging from À0:25 s À1 to À0:41 s À1 , indicating that positive feedback may indeed improve local stability, effectively producing a system that is just barely stable.
Finally, the effect of time delays was assessed by carrying out five optimizations in the absence of time delays (negative feedback). This yielded values for MRE (A cl Þ that ranged from À0:86 s À1 to À0:87 s À1 , even though there was substantial variation in the underlying feedback gains (data not shown). Comparison to the results for time-delayed negative feedback indicates that (real(eig(A)) ) and diagonal elements of the low-frequency joint-stiffness matrix for open-loop torque control (OL_T), and the three-, six-, and nine-muscle open-loop models, and for closed-loop delayed negative (CL_DNF), delayed ''arbitrary'' (CL_DAF), and nondelayed negative (CL_NNF) feedback control. For comparison, the destabilizing gravitational stiffness at ankle, knee, and hip is also given the time delay indeed limits the efficacy of the feedback loop; in the absence of time delays, the contractile element velocity feedback gains were substantially higher. Furthermore, the pattern of the contractile element length feedback gains was different in the absence of time delays, which is reflected in the different pattern of low-frequency joint stiffnesses (see Table 3 ). In order to verify that conclusions based on analysis of the linearized system also hold for the nonlinear system, the response of both these systems to an arbitrary perturbation of 0.01 rad Á s À1 of the trunk angular velocity was calculated (Fig. 4) . This comparison was carried out for the (nonrealistic) nondelayed negative feedback system, as this is the system for which MRE(A cl Þ was most negative. It is seen that for small perturbations the responses are very similar, indicating that it is meaningful to analyze the linearized system.
Discussion
The first aim of this study was to determine the potential contribution of muscle properties to the local stability of bipedal stance. Next, the contribution of time-delayed Fig. 3 . Results of five independent optimizations of the feedback gains for time-delayed negative feedback of contractile element length and velocity. MRE(A cl ), the maximum of the real parts of the eigenvalues of the closed-loop system matrix used as the objective function in the optimization, ranges from 0.78 s À1 to 0.79 s À1 Fig. 4 . Comparison of the behavior of the nonlinear and the linearized nondelayed negative feedback controlled system. The horizontal position of the body center of mass (relative to the ankle axis) in response to a 0.01 rad Á s À1 perturbation of the initial trunk angular velocity is plotted as a function of time negative muscle spindle feedback was investigated. In addition, the limitations imposed by the time delays were assessed, and the question of whether positive feedback can improve local stability was investigated. It was found that muscle properties improve low-frequency joint stiffness; however, even at maximal cocontraction, open-loop control does not result in a locally stable system. More surprisingly, it was impossible to find negative feedback gains for time-delayed muscle spindle information that yield a locally stable system, for the open loop equilibrium investigated. Lifting the constraint that feedback gains had to be negative did result in a stable system, albeit just barely so. Negative feedback in the absence of the neural time delays did produce a stable system, underlining the limitations imposed by time delays.
Analysis of the open-loop system revealed that muscle properties contribute to low-frequency joint stiffness but do so insufficiently to overcome the destabilizing gravitational stiffness. This finding is not in line with a control scheme for quiet standing proposed by Winter et al. (1998) . Given the fact that the model used in this study had been previously shown to reproduce the behavior of human subjects remarkably well in a variety of tasks (e.g., cycling, van Soest and Casius 2000; jumping, van Soest and Bobbert 1993; and lifting, J.C.E. van der Burg et al. 2002, personal communication, submitted) , it seems likely that the dynamic properties of the muscles are modeled with reasonable accuracy; consequently, we tend to agree with Morasso and Schieppati (1999) that stable standing cannot be achieved using open-loop control, that is, on the basis of the viscoelastic properties of muscle. These remarks should not be taken to indicate that these properties may as well remain unmodeled. In fact, the difference between the open-loop torque control and the open-loop muscle control (Table 3) shows that the control problem faced by the central nervous system is overestimated when muscle properties remain unmodeled. Furthermore, these muscle properties form the only zero-delay system to counteract perturbations.
It must be noted that in this study, joint stiffness arises from the interaction between the static forcelength relations of contractile element and series elastic element of the Hill-type muscle model and from the length-dependence of the active state (Hatze 1981) . The contractile element force-length relation is based on myofilament overlap; however, cross-bridge stiffness, which is another aspect of cross-bridge dynamics, is not represented in our Hill-type muscle model. Crossbridge stiffness is much higher than the stiffness of the static force-length relationship (Zahalak 1990 ). However, this stiffness is observable primarily during high-frequency vibration experiments (Zahalak 1990) ; therefore, inclusion of cross-bridge stiffness will not affect the low-frequency stiffness. As open-loop control produced insufficient low-frequency joint stiffness, we expect that our conclusions regarding open-loop control will be upheld when cross-bridge stiffness is modeled. The same reasoning does not necessarily apply to negative spindle feedback control, however, as the low-frequency stiffness is not the cause of instability there. It would be interesting to investigate the contribution to stability of this and other history-dependent aspects of muscle dynamics that are not captured by a Hill-type model.
In modeling spindle feedback, the usual assumption is made that spindle afference signals contractile element length and velocity (e.g., Rothwell 1994). It is not always realized that this assumption implies that joint angles and angular velocities are not directly sensed by muscle spindles due to the presence of series elasticity. This may be one factor in explaining why inclusion of negative time-delayed spindle feedback does not yield local stability. Another factor that was directly shown to limit the efficacy of spindle feedback is the presence of neural time delays. The negative effect on stability of the time delays can be readily understood from basic control theory. A third factor that was shown to limit the efficacy of spindle feedback is the assumption that this feedback must be negative. When positive feedback is allowed, a stable system is obtained, even though the time constants are unrealistically large. Given the complexity of the spinal circuitry, it must be expected that positive spindle feedback is a neurophysiological possibility. A final factor that may limit the contribution of spindle feedback as identified in this study concerns the fact that cross couplings of feedback pathways between muscles were not considered. Cross couplings were neglected because they have been shown to be weak in comparison to feedback on the muscle itself (He et al. 1991; Smeets and van der Gon 1993) and because their inclusion would have implied a dramatic increase in the number of feedback gains to be optimized.
In optimizing the spindle feedback gains, sensory dynamics was neglected, sensory noise was not considered, and it was assumed that length and velocity feedback gains could be tuned independently. Despite the fact that length and velocity information is combined at the level of the spindle, the latter assumption is supported by the literature; the sensitivity for length and velocity differs between type Ia and type II spindle afferents, and these sensitivities can be influenced by intrafusal stimulation with static and dynamic gamma efferent fibers (Rothwell 1994) . All in all, the assumptions regarding spindle feedback are such that, if anything, this study overestimates the potential contribution of spindle feedback.
In conclusion, optimally tuned time-delayed negative spindle feedback, in combination with the stabilizing properties of muscle, does not suffice to stabilize the musculoskeletal system as modeled in this study. As we are confident that the salient features of the ''real'' system are adequately represented in this model, it remains an open question what the minimal control requirements are for adequate stability of bipedal standing. In future work we will investigate the potential contribution of low-level force feedback as mediated through Golgi tendon organs.
Appendix: Determination of low-frequency joint stiffness
The most straightforward way to obtain low-frequency joint stiffness is to clamp a joint angle at a slightly perturbed value, perform a simulation until steady state has been reached, and take the ratio of the change in joint torque over the change in joint angle. This Appendix deals with the question of how the resulting ratio representing the low-frequency joint stiffness can be directly calculated from the linearized system.
In order to answer this question we want to impose a constant joint angle Du jo;ss ( ss for steady state) and calculate the steady-state joint torque Ds ss that results. We start from the linearized state space model in which we partition the state vector into segment angles Du, segment angular velocities Dx, and the muscle-state variables Dl (actually, contractile element lengths and Ca 2þ concentrations), and in which we consider only the joint torques s as outputs: 
Note that in the context of the present study, Du equals zero at all times because the setpoint is stationary. Then, the steady-state muscle state Dl ss that corresponds to a clamped steady-state segment angle vector Du ss is found from Eq. 5 by setting D _ l l ¼ 0 and noting that a clamped segment angle vector implies that the segment angular velocity vector Dx ¼ 0:
Substituting Du ¼ Du ss and Dl ¼ Dl ss in Eq. 6 and using Eq. 7, we can express the joint torque vector Ds ss as a function of the segment angle vector Du ss :
Ds ss ¼ C s;u À C s;l Á A À1 l;l Á A l;u Á Du ss ð8Þ
As we are interested in the relation between joint angle and joint torque, we express the segment angles Du in the joint angles Du jo : 
Finally, we substitute Eq. 9 into Eq. 8 and rearrange to obtain the desired expression for the low-frequency joint-stiffness matrix K jo :
K jo ¼ os ss ou jo;ss
